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AN APPROACH TO NON-SIMPLY-LACED CLUSTER
ALGEBRAS
G. DUPONT
Abstrat. Let ∆ be an oriented valued graph equipped with a group of ad-
missible automorphisms satisfying a ertain stability ondition. We prove that
the (oeient-free) luster algebra A(∆/G) assoiated to the valued quotient
graph ∆/G is a subalgebra of a quotient pi(A(∆)) of the luster algebra asso-
iated to ∆ by the ation of G. When ∆ is a Dynkin diagram, we prove that
A(∆/G) and pi(A(∆)) oinide. As an example of appliation, we prove that
ane valued graphs are mutation-nite, giving an alternative proof to a result
of Seven.
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Introdution
Cluster algebras were introdued in 2001 by Fomin and Zelevinsky in order to
dene a ombinatorial framework for the study of total positivity in algebrai groups
and anonial bases in quantum groups [16℄. Sine they have found appliations
in various areas of mathematis like ombinatoris, Teihmüller theory, Lie theory,
Poisson geometry or representation theory.
Most of the advaned results in the theory of luster algebras ome from at-
egoriations using luster ategories of ayli quivers or preprojetive algebras
[2, 5, 7, 19℄. Nevertheless, these ategoriations are both mainly restrited to the
ase where the luster algebra is simply-laed.
If one wants to nd similar results on non-simply-laed luster algebras, a rst
approah would onsist in using representation theory of speies (see e.g. [32, 31,
33, 22℄). If this approah seems to be fully funtional, it nevertheless asks to adapt
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most of the proofs and does not enable to use diretly the numerous existing results
about simply-laed luster algebras.
In Ka-Moody-Lie theory, algebras assoiated to non-simply-laed diagrams are
often studied as quotients of algebras equipped with a group of automorphisms
(see [23℄ for example). In general, the study of non-simply-laed valued datas using
simply-laed valued datas with automorphisms was developed bu Lusztig and Ka
[27, 24℄. This onstrution is also known to be fruitful at the level of representations
of quivers [21℄. One of the main interests of this method is that it allows to transport
at the level of non-simply-laed datas results onerning simply-laed datas.
In this paper, we use this onstrution of non-simply-laed diagrams in order
to obtain results at the level of non-simply-laed luster algebras using those on-
erning simply-laed luster algebras. Thus, if ∆ is a valued graph equipped with
a group of admissible automorphisms G satisfying a ertain stability ondition, we
prove that the luster algebra assoiated to the quotient graph ∆/G is a subalgebra
of a ertain quotient of the luster algebra A(∆) with respet to an ation of G on
the ring of Laurent polynomials ontaining the luster algebra.
Another approah, using Frobenius morphisms on speies over nite elds was
also developed by Yang [30℄. It follows from results of Deng et Du that this method
is atually related to the one we present here [11, 12℄.
Note also that a general ategoriation of non-simply-laed luster algebras us-
ing quivers with automorphisms was reently developed by Demonet in the ontext
of preprojetive algebras [10, 9℄.
Figure 1 sums up the situation
B ∈Mq(Z) skew-symmetri,
G ≤ Sq group
A(B)
simply-laed
❄
[24, 27℄
❄
[10, 9℄
✲
[2, 6, 3, 8, 7, 18℄. . .
✲
[32, 31, 33, 22℄. . .
B/G ∈Ms(Z) skew-symmetrizable A(B/G)
non-simply-laed
Figure 1. From simply-laed to non-simply-laed luster algebras
The paper is organized as follows. Setion 1 realls all the neessary denitions
and bakground. In setion 2, we prove the main results of the paper (namely,
Theorem 2.24 and Corollary 2.25) with purely ombinatorial methods. In setion 3,
we give an interpretation in terms of invariant objets in luster ategories whenever
it is possible. Finally, in setion 4, we give an example of appliation to the problem
of lassiation of valued graphs having a nite mutation lass.
1. Preliminaries
1.1. Cluster algebras. A luster algebra is dened from a skew-symmetrizable
matrix, that is, a matrix B ∈ Mq(Z) suh that there exists a diagonal matrix
D ∈ Mq(Z) with non-negative entries suh that DB is skew-symmetri. A seed
is a pair (B,u) where B = (bij) ∈ Mq(Z) is a skew-symmetrizable matrix and
u = {u1, . . . , uq} is a set of indeterminates over Q. The matrix B is alled the
exhange matrix of the seed (B,u) and u is alled the luster of the seed (B,u).
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Given a seed (B,u) and an index k ∈ {1, . . . , q}, the mutation of the seed in the
diretion k is the new seed µk(B,u) = (B
′,u′) where B′ = (b′ij) ∈ Mq(Z) is given
by
b′ij =
{
−bij if i = k or j = k,
bij +
1
2 (bik|bkj |+ |bik|bkj) otherwise.
and u
′ = u \ {uk} ⊔ {u
′
k} where u
′
k is related to uk by the following exhange
relation:
uku
′
k =
∏
bik>0
ubiki +
∏
bik<0
u−biki .
We denote by Mut(B,u) the set, alled mutation lass of (B,u), of all seeds
that an be obtained from (B,u) after a nite number of mutations. The seeds in
Mut(B,u) are alled mutation-equivalent to (B,u). We denote by Mut(B) the set,
alled mutation lass of B, of exhange matries of seeds in Mut(B,u).
The (oeient-free) luster algebra with initial seed (B,u) is the Z-subalgebra
A(B,u) of F = Q(u1, . . . , uq) generated by variables in lusters ourring in seeds
mutation-equivalent to (B,u). In other words,
A(B,u) = Z[x : x ∈  s.t. ∃C ∈Mq(Z) s.t. (C, ) ∈ Mut(B,u)] ⊂ F .
The lusters ourring in seeds in Mut(B,u) are alled the lusters of the luster
algebra A(B,u) and u is alled the initial luster. The variables ourring in
the lusters are alled luster variables. We denote by Cl(B,u) the set of luster
variables in A(B,u).
Fomin and Zelevinsky proved that A(B,u) is a subring of the ring of Laurent
polynomials in u. This is referred to as the Laurent phenomenon. Thus, given an
element x ∈ A(B,u), we an write it
x =
P (u1, . . . , uq)
un11 . . . u
nq
q
suh that P (u1, . . . , uq) is a polynomial not divisible by any of the ui and ni ∈ Z
for every i ∈ {1, . . . , q}. The sequene δ(x) = (n1, . . . , nq) is alled the denominator
vetor of x.
When there is no onfusion, we will omit the referene to the initial luster in
the notations.
If a matrix B ∈ Mq(Z) is skew-symmetri, then all the matries in Mut(B) are
also skew-symmetri. In this ase, the luster algebra A(B) is alled simply-laed.
If B is skew-symmetrizable but not skew-symmetri, A(B) is alled a non-simply-
laed.
Given a skew-symmetrizable matrix B, we an dene the Cartan ounterpart
C(B) = (cij) of B by setting cii = 2 and cij = −|bij |. This denes a generalized
Cartan matrix to whih we an assoiate a valued diagram Γ(C(B)) (see [24℄ for
example). The valued graph QB assoiated to B is thus the orientation of Γ(C(B))
given by i−→ j if bij > 0 for any i, j ∈ {1, . . . , q}. Thus, if QB is the valued graph
assoiated to B, we will sometimes write A(QB) instead of A(B).
1.2. Cluster ategories. If B is skew-symmetri, then Q = QB is a quiver with
no loops and no 2-yles. In this ase, there is a fruitful framework for ategorifying
the luster algebra A(Q) using the ategory of representations of Q.
More preisely, let k ≃ C be the eld of omplex numbers and rep(Q) be the
ategory of k-representations of Q. We denote by Q0 the set of verties of Q and Q1
the set of arrows of Q. An element in rep(Q) is thus a pair ((V (i))i∈Q0 , (V (α))α∈Q1 )
suh that eah V (i) is a nite-dimensional k-vetor spae and V (α) : V (i)−→V (j)
is a k-linear map for every α : i−→ j in Q1. As usual, we will identify rep(Q) with
the ategory kQ-mod of nite-dimensional modules over the path algebra of Q. For
4 G. DUPONT
every vertex i ∈ Q0, we denote by Si the simple module assoiated to the vertex i,
by Pi its projetive over and by Ii its injetive hull.
We denote by Db(kQ) the bounded derived ategory of kQ-mod with shift fun-
tor [1] and Auslander-Reiten translation τ . The funtor F = τ−1[1] is an auto-
equivalene of Db(kQ). In [2℄, the authors dened the luster ategory CQ of Q
as the orbit ategory of F in Db(kQ). The objets in CQ are thus the objets in
Db(kQ) and given two objets M,N in CQ, the morphisms from M to N in CQ are
given by:
HomCQ(M,N) =
⊕
i∈Z
HomDb(kQ)(M,F
iN).
A module in CQ is the image of a module under the omposition of funtors
kQ-mod−→Db(kQ)−→CQ
where the rst map sends a module M to the orresponding omplex onentrated
in degree 0 and the seond funtors is the anonial map. We still denote by M
the image of a kQ-module M in CQ.
The luster ategory CQ is triangulated [26℄. Moreover, it is proved in [2℄ that CQ
is a Krull-Shmidt ategory whose isolasses of indeomposable objets are given
by
ind(CQ) = ind(kQ-mod) ⊔ {Pi[1] : i ∈ Q0} .
Moreover, there is a duality
Ext1CQ(M,N) ≃ DExt
1
CQ(N,M)
for any two objets M,N in CQ. This means that CQ is a 2-Calabi-Yau ategory.
An objet M in CQ suh that Ext
1
CQ(M,M) = 0 is alled rigid. It is alled
a luster-tilting objet if it is maximal rigid and if all its distint indeomposable
diret summands are pairwise non-isomorphi.
1.3. The Caldero-Chapoton map. The Caldero-Chapoton map is a map from
the set of objets in the luster ategory CQ taking its value in the ring of Laurent
polynomials in u ontaining the luster algebra A(Q,u). Among many interests,
this map allows to realize expliitly the ategoriation of A(Q) using CQ. Before
introduing it preisely, we will need some more notations.
We denote by K0(kQ) the Grothendiek group of kQ-mod, that is, the free
abelian group over the isolasses of kQ-modules with relations M + N = X for
any short exat sequene 0−→M−→X−→N−→ 0. The dimension vetor of a
representation M of Q is the vetor
dimM = (dimM(i))i∈Q0 ∈ N
Q0 .
We will denote by αi the i-th vetor of the anonial basis of Z
Q0
. Thus, for every
i ∈ Q0, dimSi = αi and the map dim indues an isomorphism of abelian groups
dim : K0(kQ)
∼
−→ ZQ0 .
As kQ is hereditary, the Euler form on kQ-mod is given by
〈M,N〉 = dimHomkQ(M,N)− dimExt
1
kQ(M,N)
for any kQ-modules M,N . It is well dened on the Grothendiek group.
Given a kQ-module M and a dimension vetor e, we denote by
Gr
e
(M) = {N is a submodule of M : dimN = e}
the grassmannian of submodules of M of dimension e. This is a losed subset of
the usual grassmannian of k-vetor-spaes. It it thus a projetive variety and we
an onsider its Euler-Poinaré harateristi χ(Gr
e
(M)).
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Roughly speaking, the Caldero-Chapoton map evaluated at a kQ-module M is
a generating series for Euler harateristis of grassmannians of submodules of M .
More preisely, the denition is the following:
Denition 1.1 ([5℄). The Caldero-Chapoton map is the mapX? : Ob(CQ)−→Z[u
±1]
given by:
• If M,N are in Ob(CQ), then XM⊕N = XMXN ;
• If M ≃ Pi[1], then XPi[1] = ui;
• If M is an indeomposable module, then
(1) XM =
∑
e∈K0(kQ)
χ(Gr
e
(M))
∏
i∈Q0
u
−〈e,dimSi〉−〈dimSi,dimM−e〉
i .
Note that equality (1) holds for any kQ-module.
The Caldero-Chapoton map realizes the ategoriation of A(Q) in the following
sense:
Theorem 1.2 ([7℄). Let Q be an ayli quiver. Then X? indues a 1-1 orrespon-
dene
{indeomposable rigid objets in CQ}
∼
−→ Cl(Q).
Moreover, the map{
{luster-tilting objets in CQ}
∼
−→ {lusters in A(Q)}
T =
⊕
i∈Q0
Ti 7→ {XTi : i ∈ Q0}
is a 1-1 orrespondene.
2. Orbit mutations
In this setion, we use Lusztig's approah to non-simply-laed diagrams using
simply-laed diagrams equipped with a group of automorphisms [27℄. We prove that
under ertain admissibility and stability assumptions, a non-simply-laed luster
algebra an be realized as a subalgebra of a quotient of a simply-laed luster
algebra. Moreover, our methods allow to establish a link between simply-laed and
non-simply-laed luster algebras of dierent types.
2.1. Automorphisms and quotient matries. Let Q = (Q0, Q1) be a valued
graph without p-yles for p ≤ 2. Let BQ = (bij) ∈ MQ0(Z) be the orresponding
skew-symmetrizable matrix.
Denition 2.1. An elements g ∈ SQ0 is alled an automorphism of Q or auto-
morphism of BQ if
bgi,gj = bij
for every i, j ∈ Q0.
A subgroup G ≤ SQ0 is alled an automorphism group of BQ if every g ∈ G is
an automorphism of BQ.
An automorphism group G of BQ is alled admissible if for every i, j in the same
G-orbit, there is no path from i to j of length l ≤ 2. The pair (BQ, G) is then alled
an admissible pair.
Given a matrix B ∈MQ0(Z) and an automorphism group G of B, we denote by
i the G-orbit of an element i ∈ Q0 and Q0 the set
Q0 = {i : i ∈ Q0} .
of G-orbits in Q0.
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Example 2.2. Let Q be the Dynkin quiver of type A3
Q : 1 W [ _ c g k
2oo // 3
with assoiated matrix
B = BQ =

 0 −1 01 0 1
0 −1 0


Let G = 〈(1, 3)〉 be the subgroup of S{1,2,3} generated by the transposition (1, 3).
Then (B,G) is an admissible pair. In general, we will denote by dashed lines the
ation of the automorphism group on verties of the quiver.
Given an admissible pair (B,G), we dene a matrix B/G, alled quotient matrix
as follows:
Denition 2.3. Let (A,G) be an admissible pair with A = (ai,j) ∈ MQ0(Z), the
quotient matrix A/G = (b
i,j) ∈MQ0(Z) is given by
b
i,j =
∑
k∈i
ak,j
for every i, j ∈ Q0.
The matrix A/G is well dened. Indeed, b
i,j does not depend on the hoie of
j ∈ j sine G is an automorphism group for A. An alternative way for desribing
the oeients of the quotient matrix is the following:
Lemma 2.4. Let (A,G) be an admissible pair and A/G = (b
i,j). Then for every
i, j ∈ Q0, we have
b
i,j =
1
|stabG(i)|
∑
g∈G
agi,j
where stabG(i) is the stabilizer of i for the G-ation on Q0.
Proof. For every g ∈ stab(i), gi = i and thus agi,j = ai,j .∑
g∈G
agi,j =
∑
g∈G/stab(i)
|stab(gi)|agi,j
But g−→ gi indues a 1-1 orrespondene between G/stab(i) and i. Moreover,
stab(i) ≃ stab(gi) and thus∑
g∈G
agi,j = |stab(i)|
∑
k∈i
ak,j

We now prove that a quotient matrix is skew-symmetrizable:
Lemma 2.5. Let (A,G) be an admissible pair. Then, A/G is skew-symmetrizable.
Proof. Assume that A ∈MQ0(Z) and set B = A/G. We shall nd a diagonal matrix
∆ ∈MQ0(Z) with non-negative oeients suh that ∆B is skew-symmetri.
As A is skew-symmetrizable, there exists integers (di)i∈Q0 suh that for every
i, j, diaij = −djaji. Moreover, G is an automorphism group of A, we an thus
assume that dgi = di for every i ∈ Q0 and we set di = di if i denotes the G-orbit of
i.
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For every i ∈ Q0, we set δi = di|stabG(i)| for an arbitrary vertex i ∈ i. Let ∆ be
the diagonal matrix diag(δ
i
, i ∈ Q¯0). We prove that ∆B is skew-symmetri.
[∆B]
i,j = δibi,j
= d
i
|stab(i)|
1
|stab(i)|
∑
g∈G
agi,j
=
∑
g∈G
dgiagi,j
=
∑
g∈G
djaj,gi
= −
∑
g∈G
dgjagj,i
= −|stab(j)|
1
|stab(j)|
dj
∑
g∈G
agj,i
= −δ
j
b
j,i
= −[∆B]
j,i.

Denition 2.6. Let Q be a valued graph equipped with an admissible group of
automorphisms G. The quotient graph Q/G is the graph assoiated to the quotient
matrix BQ/G. If Q is a quiver, Q/G is alled a quotient quiver.
Example 2.7. Consider again
Q : 1 W [ _ c g k
2oo // 3
with assoiated matrix
A =

 0 −1 01 0 1
0 −1 0


and G = 〈(1, 3)〉. We write 1¯ = {1, 3} and 2¯ = {2} the G-orbits. Then,
A/G =
[
0 −2
1 0
]
and the assoiated graph is
∆(A/G) : 1¯ 2¯
(2,1)oo
whih is of type B2.
We notie that if A is a skew-symmetri matrix suh that stabG(i) has the same
ardinality for every i ∈ Q0, then A/G is skew-symmetri.
Example 2.8. We onsider the quiver
b1







A1 : a1 _______
??~~~~~~~~
@
@@
@@
@@
@ a2
~~
~~
~~
~~
__@@@@@@@@
b2
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equipped with the admissible automorphism group G1 = 〈(a1, a2), (b1, b2)〉. We
write a = {a1, a2} and b = {b1, b2}, then
A1/G1 : a
////
b
is the Kroneker quiver.
We will also notie that there is no uniqueness in the presentation of a valued
graph as a quotient graph.
Example 2.9. We onsider the quiver
b1
OO
OO
OO
OO
a2oo







@
@@
@@
@@
@
A2 : a1
oooooooo
??~~~~~~~~
@
@@
@@
@@
@ b2
o o
o o
o o
o o
b3







a3
O O O O O O O O
oo
??~~~~~~~~
equipped with the automorphism group G2 = 〈(a1, a2, a3), (b1, b2, b3)〉. We set
a = {a1, a2, a3} and b = {b1, b2, b3}, then
A2/G2 : a
////
b
is also the Kroneker quiver.
2.2. Cluster algebras and automorphisms. We now study the interation be-
tween automorphisms of a skew-symmetrizable matrix A and the luster algebra
assoiated to the matrix A. We x an admissible pair (A,G) where A ∈ MQ0(Z)
is an arbitrary skew-symmetrizable matrix. We set u = {ui : i ∈ Q0} and v ={
v
i
: i ∈ Q0
}
to be sets of indeterminates over Q. We set
A(A) = A(A,u),
A(A/G) = A(A/G,v).
We dene a morphism pi of Z-algebras, alled projetion:
pi :
{
Z[u±1] −→ Z[v±1]
ui 7→ vi.
We dene a G-ation on Z[u±1] by setting
g.ui = ugi
for every g ∈ G, i ∈ Q0. We now prove that the ation of G on Z[u
±1] indues an
ation on the luster algebra A(A).
Lemma 2.10. Let A be a skew-symmetrizable matrix equipped with a group G of
admissible automorphisms. Then G ats on the luster algebra A(A,u).
Proof. We x a nite set Q0 suh that A ∈ MQ0(Z). By denition g ats on
MQ0(Z) by g.M = (mg−1i,g−1j) if M = (mij). For any seed (B,v) in A(A) with
v = (vi)i∈Q0 , we set g.(B,v) = (g.B, (vg.i)i∈Q0).
We prove by indution on n that
g.(µin ◦ µi1(A,u)) = µg.in ◦ µg.i1(A,u).
We rst assume that n = 1. We x a vertex k ∈ Q0. We write (A
′,u′) =
µk(A,u). Thus A
′ = (a′ij) is given by
a′ij =
{
−aij if k ∈ {i, j}
aij +
1
2 (|aik|akj + aik|akj |) otherwise
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and
uku
′
k =
∏
aik>0
uaiki +
∏
aik<0
u−aiki .
Thus, g.(A′,u′) = (B,v) is given by B = (bj) and v = (g.u
′
i)i∈Q0 where
bij =
{
−ag−1i,g−1j if k ∈ {i, j}
ag−1i,g−1j +
1
2
(
|ag−1i,k|ak,g−1j + ag−1i,k|ak,g−1j |
)
otherwise
so that
bij =
{
−ai,j if gk ∈ {i, j}
ai,j +
1
2 (|ai,gk|agk,j + ai,gk|agk,j |) otherwise
Also,
vk = gu
′
k
=
1
g.uk
∏
aik>0
g.uaiki +
∏
aik<0
g.u−aiki
=
1
ugk
∏
aik>0
uaikgi +
∏
aik<0
u−aikgi
=
1
ugk
∏
a
g−1i,g−1k>0
u
a
g−1i,g−1k
gi +
∏
a
g−1i,g−1k<0
u
−a
g−1i,g−1k
gi
and vi = g.ui = ugi for i 6= k. So that
(B,v) = µgk(A, ).
Assume now that n > 1. Set
(B,v) = µin−1 ◦ µi1(A,u),
(B˜, v˜) = µg.in−1 ◦ µg.i1(A,u).
By indution, we now that g.(B,v) = (B˜, v˜). Thus, we only need to prove that
g.(µin(B,v)) = µg.in(B˜, v˜). This is proved as in the previous ase. 
Denition 2.11. A seed (S,x) in A(A) is alled G-invariant if:
(1) gxi = xgi for every i ∈ Q0, g ∈ G,
(2) (S,G) is an admissible pair.
We will now study the link between the luster algebra A(A/G) and the algebra
pi(A(A)). For this, we will study a ertain lass of mutations alled orbit mutations.
2.2.1. Orbit mutations of matries.
Lemma 2.12. Let (A,G) be an admissible pair with A ∈ MQ0(Z). Let Ω =
{i1, . . . , in} be a G-orbit in Q0. Then, the oeients a
(n)
ij of A
(n) = µin◦· · ·◦µi1(A)
are given by
a
(n)
ij =


−aij if i or j ∈ Ω
aij +
1
2
n∑
k=1
(|ai,ik |aik,j + ai,ik |aik,j |) otherwise
Proof. Set A = A(0) and A(p) = µip ◦ · · · ◦ µi1 (A) for every 1 ≤ p ≤ n. Mutating at
ip, we get
a
(p)
ij =


−a
(p−1)
ij if i = ip or j = ip
a
(p−1)
ij +
1
2
(
|a
(p−1)
i,ip
|a
(p−1)
ip,j
+ a
(p−1)
i,ip
|a
(p−1)
ip,j
|
)
otherwise
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By indution, if i = ik or j = ik for some k ≤ p − 1, then a
(p−1)
ij = −aij , thus
a
(p)
ij = −aij if i = ik or j = ik for some k ≤ p.
Otherwise,
a
(p)
ij = a
(p−1)
ij +
1
2
(
|a
(p−1)
i,ip
|a
(p−1)
ip,j
+ a
(p−1)
i,ip
|a
(p−1)
ip,j
|
)
= aij +
1
2
p−1∑
k=1
(|ai,ik |aik,j + ai,ik |aik,j |) +
1
2
(
|a
(p−1)
i,ip
|a
(p−1)
ip,j
+ a
(p−1)
i,ip
|a
(p−1)
ip,j
|
)
As aik,il = 0 for every k, l, we get
a
(p−1)
i,ip
= ai,ip +
1
2
p∑
k=1
(
|ai,ik |aik,ip + ai,ik |aik,ip |
)
= ai,ip
and
a
(p−1)
ip,j
= aip,j +
1
2
p∑
k=1
(
|aip,ik |aik,j + aip,ik |aik,j |
)
= aip,j
then
a
(p)
ij = aij +
1
2
p∑
k=1
(|ai,ik |aik,j + ai,ik |aik,j|) .

Corollary 2.13. Let (A,G) be an admissible pair. Let i = {i1, . . . , in} be a G-orbit
in Q0. Then, for every σ ∈ Sn, we have
µin ◦ · · · ◦ µi1(A) = µiσ(n) ◦ · · · ◦ µiσ(1)(A).
We an thus set the following denition:
Denition 2.14. Let (A,G) be an admissible pair, i ∈ Q0 be a G-orbit. Then
µG
i
(A) :=

∏
j∈i
µj

 (A)
is alled the orbit mutation of A in the diretion i.
2.2.2. Orbit mutations of seeds.
Lemma 2.15. Let B ∈ MQ0(Z) and G ⊂ SQ0 be a group. Let (A,x) be a G-
invariant seed in A(B) with x = (x1, . . . , xq). Let Ω = {i1, . . . , in} be a G-orbit and
(A(n),x(n)) = µin ◦ · · · ◦ µi1(A,x). Then, for every i ∈ Q0, we have
x
(n)
i =


xi if i 6∈ Ω∏
ai,ik>0
x
ai,ik
i +
∏
ai,ik<0
x
−ai,ik
i
xik
if i = ik for some k
Proof. For every p = 1, . . . , n, we write (x(p), A(p)) = µip ◦ · · · ◦ µi1(x, A) and
(x(p), A(p)) = (x, A). If i 6∈ Ω, for every p > 0, we have x
(p)
i = x
(p−1)
i and thus
x
(p)
i = xi. If i = ik for some k > 0, then x
(j)
i = xi for every j < k and x
(l)
i = x
(k)
i
for every l > k. Exhange relations thus give
x
(k)
i =
∏
a
(k−1)
j,ik
>0
(x
(k−1)
j )
a
(k−1)
j,ik +
∏
a
(k−1)
j,ik
<0
(x
(k−1)
j )
−a
(k−1)
j,ik
x
(k−1)
i
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But aording to lemma 2.12, x
(k−1)
i = xi, a
(k−1)
j,ik
= aj,ik . Moreover, aj,ik = 0 if
j ∈ Ω, thus if aj,ik 6= 0, we have x
(k−1)
j = xj . It follows that
x
(n)
i = x
(k)
i =
∏
aj,ik>0
x
aj,ik
j +
∏
aj,ik<0
x
−aj,ik
j
xi
whih proves the lemma. 
In partiular, we see that (A(n),x(n)) does not depend on the order of the mu-
tations in Ω. We thus set the following denition:
Denition 2.16. Let (A,G) be an admissible pair with A ∈ MQ0(Z) and (S,x)
be a G-invariant seed in A(A). For every G-orbit i in Q0, we set
µG
i
(S,x) =

∏
j∈i
µj

 (S,x)
the orbit mutation of the seed (S,x) in diretion i.
Corollary 2.17. Let (B,G) be an admissible pair, (x, A) be a G-invariant seed in
A(B) and Ω ∈ Q0. Let (A
(n),x(n)) = µGΩ((A,x)). Then G is an automorphism
group of A(n). Moreover, if we denote by a
(n)
ij the oeients of A
(n)
and x
(n) =
(x
(n)
i , i ∈ Q0), we have for all i ∈ Q0 and g ∈ G:
a
(n)
i,gi = 0 andx
(n)
gi = gx
(n)
i .
Proof. We assume that A ∈ MQ0(Z) and x = {xi : i ∈ Q0}. We write Ω =
{i1, . . . , in} and we keep notations of lemma 2.12. Let i, j ∈ Q0. Then,
g.a
(n)
ij = a
(n)
g−1i,g−1j =


−ag−1i,g−1j if g
−1i or g−1j ∈ Ω
n∑
k=1
1
2
(
|ag−1i,ik |aik,g−1j + ag−1i,ik |aik,g−1j |
)
otherwise
But g−1i ∈ Ω if and only if i ∈ Ω and in this ase a
(n)
ij = −aij = −ag−1i,g−1j =
a
(n)
g−1i,g−1j . But if i, j 6∈ Ω, then
a
(n)
g−1i,g−1j =
n∑
k=1
1
2
(
|ag−1i,ik |aik,g−1j + ag−1i,ik |aik,g−1j |
)
=
n∑
k=1
1
2
(|ai,gik |agik ,j + ai,gik |agik,j |)
=
n∑
k=1
1
2
(|ai,ik |aik,j + ai,ik |aik,j|)
= a
(n)
ij
and thus G is an automorphism group for A(n). Let's prove that G is admissible
for A(n). Let i, j be in a same G-orbit. We write i = gj for some g ∈ G. Aording
to lemma 2.12, we have
a
(n)
i,j = aij +
1
2
n∑
k=1
(|ai,ik |aik,j + ai,ik |aik,j |) .
Sine (A,G) is an admissible pair, we have ai,j = 0. On the other hand, for every
k = 1, . . . , n, if ai,ik > 0, we neessarily have aik,j ≤ 0. Indeed, if not, there is a
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path of length 2 from i to j in the graph assoiated to A, whih ontradits the
fat that (A,G) is an admissible pair. It follows that a
(n)
i,j = 0.
Let's now prove that gx
(n)
i = x
(n)
gi for every i ∈ Q0. If i 6∈ Ω, x
(n)
i = xi. As
gi 6∈ Ω, x
(n)
gi = xgi. By hypothesis, (x, A) is G-invariant so that gxi = xgi and
gx
(n)
i = x
(n)
gi . Now, if i = ik for some k ∈ {1, . . . , n}, then
g.x
(n)
i =
∏
aj,ik>0
g.x
aj,ik
j +
∏
aj,ik<0
g.x
−aj,ik
j
g.xi
=
∏
aj,ik>0
x
aj,ik
gj +
∏
aj,ik<0
x
−aj,ik
gj
xgi
=
∏
aj,ik>0
x
aj,ik
gj +
∏
aj,ik<0
x
−aj,ik
gj
xgi
=
∏
a
g−1j,ik
>0 x
a
g−1j,ik
j +
∏
a
g−1j,ik<0
x
−a
g−1j,ik
j
xgi
=
∏
aj,gik>0
x
aj,gik
j +
∏
aj,gik<0
x
−aj,gik
j
xgi
= x
(n)
gi

Remark 2.18. Beware that in general, if (A,G) is an admissible pair with A ∈
MQ0(Z) and Ω ∈ Q0, there is no reason for (µ
G
Ω(A), G) to be a an admissible pair.
Indeed, onsider the quiver
3
=
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equipped with the admissible automorphism group G = 〈(1, 4)(2, 5)(3, 6)〉. Then
Ω = {3, 6} is a G-orbit and
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ontains a path of length 2 between from vertex 1 to vertex 4, whih both belong
to the same G-orbit.
We thus introdue the notion of stable admissible pair whih will be essential in
the following.
Denition 2.19. An admissible pair (A,G) is alled stable if for any nite sequene
of G-orbits i1, . . . , in, eah of the pairs (µ
G
i1
(A), G), (µGi2 ◦µ
G
i1
(A), G), . . . , (µGin ◦ · · · ◦
µGi1(A), G) is admissible.
Thus, every nite sequene of orbit mutations is well-dened for a stable admis-
sible pair. If (A,G) is a stable admissible pair, we denote by MutG(A) the orbit
mutation lass of A, that is, the set of matries B suh that there exists a nite
sequene (i1, . . . , in) of G-orbits in Q0 suh that
B = µG
in
◦ · · · ◦ µG
i1
(A).
Note that in partiular, we have MutG(A) ⊂ Mut(A).
Lemma 2.20. Let (A,G) be an admissible pair with A ∈MQ0(Z). Assume that G
has at most one non-trivial orbit in Q0. Then (A,G) is a stable admissible pair.
Proof. By indution, it sues to prove that (B,G) is admissible where B = µG
i
(A)
for some G-orbit i. We denote by bij the oeients of B. Let i, j be in a same
G-orbit. Aording to 2.17, it sues to prove that for every k, bi,k and bj,k are
of the same sign. If k is in the G-orbit of i, then bi,k = 0 = bj,k. Otherwise, k is
xed under the G-ation by hypothesis. It follows from orollary 2.17 that G is an
automorphism group of B and thus bi,k = bgi,k for every g ∈ G. In partiular, bi,k
and bj,k are of the same sign and (B,G) is an admissible pair. Thus, (A,G) is a
stable admissible pair. 
Lemma 2.21. Let (A,G) be an admissible pair with A ∈MQ0(Z). Assume that G
has exatly two orbits in Q0. Then, (A,G) is a stable admissible pair.
Proof. We denote by v = {v1, . . . , vb} and w = {w1, . . . , wc} the two G-orbits in
Q0 and set A = (aij). Sine (A,G) is admissible, we have avi,vj = 0 for every
i, j ∈ {1, . . . , b} and awi,wj = 0 for every i, j ∈ {1, . . . , c}. Moreover, for every
v ∈ v and w ∈ w, av,w has onstant sign. It follows thus from lemma 2.12 that
µG
v
(A) = −A and µG
w
(A) = −A. In partiular, sine (A,G) is an admissible pair,
(µG
v
(A), G) and (µG
w
(A), G) are admissible pairs. By indution, (A,G) is thus a
stable admissible pair. 
Proposition 2.22. Let Q be a Dynkin quiver equipped with an admissible group of
automorphisms G. Then, (Q,G) is a stable admissible pair.
Proof. Let (Q,G) be an admissible pair with Q Dynkin and let R ∈ MutG(Q). It
follows from orollary 2.17 that R is G-invariant and that for every i, j in the same
G-orbit, there is no arrow i−→ j in R. It is thus enough to prove that there are no
paths of length two between i and j in R.
Let i ∈ R0 and g ∈ G. Assume that there exists a path of length two between
i and gi. Let's then prove that R ontains a minimal yle of even length. By
minimal yle of length p we mean a yli omposition of arrows c = α1 · · ·αp
suh that any proper sub-path of c is non-yli. Assume that there exists a vertex
k ∈ R0 suh that i−→ k−→ gi. As G is a group of admissible automorphisms of R,
we know that k 6∈ Gi. Let
p = min {n ≥ 1 : gni = i} − 1,
we thus have a yli path
i−→ k−→ gi−→ gk−→ · · ·−→ gpi−→ gpk−→ i
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in R passing through an even number of verties.
If all the verties ourring in this yli path are distint, then we have a
minimal yle of even length. Otherwise, assume that there exists two verties v, w
whih are equal among {gni, gnk, : 0 ≤ n ≤ p}. If v = gni and w = gmi for some
0 ≤ m < n ≤ p, we get i = gn−mi, whih ontradits the minimality of p. If v = gni
and w = gmk for some 0 ≤ m,n ≤ p, we get a ontradition sine k 6∈ Gi. Thus,
v = gnk and w = gmk for some integers 0 ≤ m,n ≤ p. Assume that n ≤ m, we
thus get a new yli path:
i−→ k−→ · · ·−→ gni−→ gnk = gmk−→ gm+1i−→ · · ·−→ gpi−→ gpk−→ i
passing through an even number of verties. Using indutively this proess, we
prove that R ontains a minimal yle of even length.
Assume that Q is a Dynkin quiver of type An. Aording to [6℄, we know that if
S is a quiver in Mut(Q) then all the minimal yles in S are 3-yles. In partiular,
R does not ontain any minimal yle of length p for every p ≥ 1 and (Q,G) is thus
a stable admissible pair.
Assume that Q is a Dynkin quiver of type Dn for n ≥ 4. Then, every automor-
phism group of Q has at most one non-trivial orbit. It thus follows from lemma 2.20
that (Q,G) is a stable admissible pair. If Q is of type D3, then the result follows
from lemmas 2.20 or 2.21 depending on the onsidered automorphism group.
Assume that Q is a Dynkin quiver of type E6. A ase by ase indution on the
mutation lass of Q (using for example [25℄) shows that for any possible automor-
phism group G, MutG(Q) does not ontain any quiver suh that there is a path
of length 2 between two verties in the same G-orbit. In partiular, all the pairs
(R,G) with R ∈MutG(Q) are admissible and thus (Q,G) is stable.
If Q is of type E7 or E8, then all the possible automorphism groups of Q are
trivial and it thus follows from lemma 2.20 that (Q,G) is an admissible pair. 
More generally, Demonet proved that Proposition 2.22 also holds for any ayli
quiver [9, Theorem 3.1.11℄:
Theorem 2.23 ([9℄). Let Q be an ayli quiver equipped with a group G of ad-
missible automorphisms. Then (Q,G) is a stable admissible pair.
2.2.3. Orbit mutations and mutations of the quotient. Let (A,G) be an admissible
pair and (x, S) be a G-invariant seed in A(A), we set
pi(S,x) = (S/G,y)
where y is the Q0-tuple given by
y
i
= pi(xi)
for every i ∈ Q0. Then pi(S,x) is alled projetion of the seed (S,x). It is well
dened sine (S,x) is G-invariant.
Theorem 2.24. Let (A,G) be a stable admissible pair with A ∈ MQ0(Z). Then
for every G-orbits i1, . . . , in in Q0, we have
µ
in
◦ · · · ◦ µ
i1
(v, A/G) = pi
(
µG
in
◦ · · · ◦ µG
i1
(u, A)
)
.
Proof. By indution, it sues to prove it for n = 1. If X = (xij) is a G-invariant
matrix, we will denote by X/G = (x
i,j) the quotient matrix.
We x an orbit k = {k1, . . . , kn} and we write A
(n) = (a
(n)
ij )i,j∈Q0 =
∏
l∈k µl(A).
Aording to lemma 2.12, we have
a
(n)
ij =


−aij if i or j ∈ k,
aij +
1
2
n∑
s=1
(|ai,ks |aks,j + ai,ks |aks,j |) otherwise.
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On the other hand, we have
a
(n)
i,j =
∑
l∈i
a
(n)
l,j
If i = k or j = k, we have
a
(n)
i,j = −
∑
l∈i
al,j
Otherwise, if i, j 6= k, then for every m ∈ i,
a
(n)
mj = amj +
1
2
n∑
s=1
(|am,ks |aks,j + am,ks |aks,j |)
and thus
a
(n)
i,j =
∑
m∈i
(
amj +
1
2
n∑
s=1
(|am,ks |aks,j + am,ks |aks,j |)
)
or equivalently
a
(n)
i,j =
∑
m∈i
(
amj +
1
2
∑
l∈k
(|am,l|al,j + am,l|al,j |)
)
We now ompute the oeients (a
i,j)
′
of (A)′ = µ
k
(A/G). By denition of the
mutation,
(a
i,j)
′ =
{
−a
i,j if i = k or j = k,
a
i,j +
1
2
(|a
i,k|ak,j + ai,k|ak,j|) otherwise.
Thus, if i = k or j = k,
(a
i,j)
′ = −a
i,j = −
∑
l∈i
al,j = a
(n)
i,j
Now, if i, j 6= k,
(a
i,j)
′ = a
i,j +
1
2
(|a
i,k|ak,j + ai,k|ak,j|)
=
∑
m∈i
am,j +
1
2
(
|
∑
m∈i
am,k|
∑
l∈k
al,j +
∑
m∈i
am,k|
∑
l∈k
al,j |
)
=
∑
m∈i
am,j +
1
2
(∑
m∈i
|am,k|
∑
l∈k
al,j +
∑
m∈i
am,k
∑
l∈k
|al,j |
)
=
∑
m∈i
am,j +
∑
m∈i
1
2
(
|am,k|
∑
l∈k
al,j + am,k|
∑
l∈k
|al,j |
)
=
∑
m∈i
[
am,j +
1
2
∑
l∈k
(|am,k|al,j + am,k||al,j |)
]
and thus
(a
i,j)
′ =
∑
m∈i
am,j +
1
2
∑
m∈i
∑
l∈k
(|am,k|al,j + am,k||al,j |)
It thus sues to prove that∑
m∈i
∑
l∈k
|am,k|al,j + am,k|al,j | =
∑
m∈i
∑
l∈k
|am,l|al,j + am,l|al,j |
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and thus to prove that
(2)
∑
m∈i
∑
l∈k
|am,k|al,j =
∑
m∈i
∑
l∈k
|am,l|al,j
and ∑
m∈i
∑
l∈k
am,k|al,j | =
∑
m∈i
∑
l∈k
am,l|al,j |
In equation (2), we onsider the oeient of alj : Let l0 ∈ k, in the rst sum, the
oeient of al0j is ∑
m∈i
|am,k|
In the seond sum, this oeient is∑
m∈i
|am,l0 |
We write l0 = gk for some g ∈ G. As am,gk = ag−1m,k and g
−1G = G, both sums
are equal. We identify the same way the oeients of |al0,j| in the seond sum
and equality (2) is proved. Thus, for every i, j ∈ Q0, we have
a
(n)
i,j = (ai,j)
′
and thus
µG
k
(A)/G = µ
k
(A/G).
We now get interested in variables. If j 6∈ {k1, . . . , kp}, x
(n)
j = xj and there is
nothing to prove Aording to lemma 2.15, gx
(n)
k = x
(n)
gk , thus pi(x
(n)
kj
) = pi(x
(n)
ks
) for
all j, s = 1, . . . , n. Up to reordering, we assume that k = k1 and thus x
(n)
k = x
(1)
k =
x′k. We then write the exhange relation between xk and x
′
k in A(A).
xkx
′
k =
∏
j∈Q0 : bjk>0
x
bjk
j +
∏
j∈Q0 : bjk<0
x
−bjk
j
Applying pi to this equality, we obtain:
pi(xk)pi(x
′
k) =
∏
j∈Q0 : bjk>0
pi(xj)
bjk +
∏
j∈Q0 : bjk<0
pi(xj)
−bjk
As (A,G) is an admissible pair, bjk and bsk are of the same sign if j and s belong
to the same orbit. we an thus group together the terms by signs and we get
pi(xk)pi(x
′
k) =
∏
j∈Q0 : bjk>0
∏
l∈j
pi(xl)
blk +
∏
j∈Q0 : bjk<0
∏
l∈j
pi(xl)
−blk
As pi(xl) = pi(xj) for every l ∈ j, we have
pi(xk)pi(x
′
k) =
∏
j∈Q0 : bjk>0
pi(xj)
P
l∈j
blk +
∏
j∈Q0 : bjk<0
pi(xj)
−
P
l∈j
blk
and thus
pi(xk)pi(x
′
k) =
∏
j∈Q0 : b
jk
>0
pi(xj)
b
jk +
∏
j∈Q0 : b
jk
<0
pi(xj)
−b
jk
whih is preisely the exhange relation in A(A/G) in diretion k with pi(xk). If we
write pi(xk)
′
the luster variable in exhange with pi(xk) in A(A/G), we thus get
pi(x
(n)
kj
) = pi(x
(n)
k ) = pi(x
′
k) = pi(xk)
′
for every j ∈ {1, . . . , n}, whih proves the proposition. 
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Corollary 2.25. Let (A,G) be a stable admissible pair. Then every seed in A(A/G)
is the projetion of a G-invariant seed in A(A). In partiular, every luster variable
in A(A/G) is the projetion of a luster variable in A(A) and thus A(A/G) an be
identied with a Z-subalgebra of pi(A(A)).
Example 2.26. We onsider again the example of the quiver of type A3
Q : 1 3_ _ _ _ _ _
2
aaCCCCCCCC
@@
equipped with the admissible group of automorphisms G = 〈(1, 3)〉. Then (Q,G)
is a stable admissible pair. The quotient graph of type B2 is:
Q/G : 2
(1,2) // 1
where 1 = {1, 3} et 2 = {2}. Orbit mutations are thus µG
1
= µ1µ3 and µ
G
2
= µ2.
The projetion is given by
pi :


Z[u±11 , u
±1
2 , u
±1
3 ] −→ Z[v1, v2]
u1 7→ v1
u2 7→ v2
u3 7→ v1
Figure 2 represents the mutation graphs of A(A) and A(A/G) in the neighbour-
hood of the initial seeds (where we denoted vi = vi). Verties with a double irle
orrespond to seeds obtained by orbit mutations of the initial seed.
Cluster variables in A(Q) are given by
Cl(Q) =
{
u1, u2, u3,
1 + u2
u1
,
1 + u2
u3
,
1 + u1u3
u2
,
1 + u2 + u1u3
u1u2
,
1 + u2 + u1u3
u3u2
,
1 + 2u2 + u
2
2 + u1u3
u1u2u3
}
and thus
pi(Cl(Q)) =
{
v1, v2,
1 + v2
v1
1 + v2
1
v2
,
1 + v2 + v
2
1
v1v2
,
1 + 2v2 + v
2
2
+ v2
1
v2
1
v2
}
= Cl(Q/G)
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D
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P
O
N
T
A3 ❡❝ ❡❝ 
 
 
 
 
  
❡
❅
❅
❅
❅
❅
❅❅❡
❡❝
❅
❅
❅
❅
❅
❅❅
 
 
 
 
 
  
❡❝
{u1, u2, u3}
{
u1,
1+u1u3
u2
, u3
}
{
1+u2+u1u3
u1u2
, 1+u1u3u2 , u3
}
{
u1,
1+u1u3
u2
, 1+u2+u1u3u2u3
}
{
1+u2+u1u3
u1u2
, 1+u1u3u2 ,
1+u2+u1u3
u2u3
}
{
1+u2+u1u3
u1u2
,
1+2u2+u
2
2+u1u3
u1u2u3
, 1+u2+u1u3u2u3
}
B2 ❡ ❡ ❡ ❡
{v1, v2}
{
v1,
1+v2
1
v2
} {
1+v2+v
2
1
v1v2
,
1+v2
1
v2
} {
1+v2+v
2
1
v1v2
,
1+2v2+v
2
2
+v1v3
v2
1
v2
}
Figure 2. Mutation graphs of A3 and B2 at the neighbourhood of the initial seeds
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A onsequene of this theorem is that the positivity is preserved. Namely the
result is the following:
Corollary 2.27. Let (A,G) be a stable admissible pair. Assume that every luster
variable in A(A) an be written as a Laurent polynomial with positive oeients in
the initial luster of A(A). Then, every luster variable in A(A/G) an be written
as a Laurent polynomial with positive oeients in the initial luster of A(A/G).
Proof. We denote by v the initial luster of A(A/G) and by u the initial luster
of A(A). Let x be a luster variable in A(Q/G,v). Then x = pi(X) where X is
a luster variable in A(Q,u) and where pi : Z[u±1]−→Z[v±1] is the morphism of
projetion, sending ui on vi for every G-orbit i of i. By assumption, we an write
X =
1
u
δ(X)
∑
ν
aνu
ν
where ν runs over NQ0 and where (aν) is a family of positive integers with nite
support. Thus,
x = pi(X) =
1
pi(uδ(X))
∑
ν
aνpi(u
ν)
but for every ν ∈ NQ0 , pi(uν) is some produt
∏
i∈Q0
vµi
i
. In partiular, x is a
positive Laurent polynomial in v and the orollary is proved. 
Example 2.28. The stability ondition is essential for theorem 2.24 to hold. In-
deed, onsider the quiver
3
=
==
==
==
=
Q : 2
@@
4

1
OO
5
    
  
  
 
6
^^>>>>>>>
with the automorphism group G =
〈∏3
i=1(i; i+ 3)
〉
≃ Z/2Z. We saw at remark
2.18 that (A,G) is not a stable admissible pair. We denote by i the G-orbit of a
vertex i in Q0. Let B = BQ be the matrix orresponding to Q, u = (u1, . . . , u6)
be the initial seed of A(B) and v = (v1, v2, v3) be the initial seed of A(B/G). We
thus have
µG
1
◦ µG
2
(u, B) = (u′, B′)
where
u
′ =
(
u1u6 + u3u6 + u3u2
u1u2
,
u1 + u3
u2
, u3,
u3u4 + u3u6 + u6u5
u4u5
,
u4 + u6
u5
, u6
)
and
B′ =


0 1 −1 0 0 1
−1 0 0 0 0 0
1 0 0 −1 0 0
0 0 1 0 1 −1
0 0 0 −1 0 0
−1 0 0 1 0 0


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Thus,
pi(µG
1
◦ µG
2
(u, B)) =


(
v1v3 + v
2
3
+ v2v3
v1v2
,
v1 + v3
v2
, v3
)
,

 0 1 0−1 0 0
0 0 0




but on the other hand,
µ1 ◦ µ2(v, B/G)) =

(v1 + v3 + v2
v1v2
,
v1 + v3
v2
, v3
)
,

 0 1 0−1 0 −1
0 1 0




and then
µ1 ◦ µ2(v, B/G)) 6= pi(µ
G
1
◦ µG
2
(u, B)).
3. G-invariant objets in luster ategories
We will now fous on the ase where (A,G) is an admissible pair suh that
Q = QA is an ayli quiver. When the pair is stable, we get interested in the
interpretation we an give of A(A/G) in terms of G-invariant objets in the luster
ategory CQ under a ertain G-ation that has to be dened.
3.1. G-ation on the luster ategory. We rst get interested in the represen-
tation theory of quivers with automorphisms. A good theoreti framework for this
study is the theory of skew group algebras developed by Reiten and Riedtmann
[28℄. Nevertheless, in our ontext, we an only onsider the more onrete situation
of representations of quivers with automorphisms. For general results about these,
one an for example refer to the works of Hubery [21, 20℄.
3.1.1. G-ation on rep(Q). We x an ayli quiver Q equipped with a group G
of admissible automorphisms. We dene an ation of G on the ategory rep(Q) as
follows. Let V ∈ rep(Q) and g ∈ G. We dene W = gV as the representation given
by: {
W (i) = V (g−1i) for all i ∈ Q0
W (α) = V (g−1α) for all α ∈ Q1
Given two objets M,N in rep(Q), a morphism of representations f :M−→N is a
family f = (fi)i∈Q0 suh that fi ∈ Homk(M(i), N(i)) for every i ∈ Q0. We set
gf = (fg−1i)i∈Q0 ∈ HomkQ(gM, gN).
It follows that eah g ∈ G ats funtorially on rep(Q) and that g−1 indues a quasi-
inverse funtor to g. In partiular, eah g ∈ G denes an auto-equivalene of the
ategory rep(Q). Moreover, for every i ∈ Q0, we have gPi = Pgi, gIi = Igi and
gSi = Sgi.
The ation of G on rep(Q) indues an ation of G on the Grothendiek group
K0(kQ). IdentifyingK0(kQ) and Z
Q0
with the dimension vetor, for every d ∈ ZQ0
and every g ∈ G, We have
gd = (dg−1i)i∈Q0
and for every representation M in rep(Q), we thus get
dim (gM) = gdimM.
The following lemma is straightforward:
Lemma 3.1. Let M,N ∈ rep(Q), e ∈ NQ0 and g ∈ G. Then,
(1) 〈gM, gN〉 = 〈M,N〉,
(2) The variety Grge(gM) is isomorphi to the variety Gre(M).
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3.1.2. Ation on the luster ategory. The ation of G on rep(Q) indues an ation
by auto-equivalenes on the bounded derived ategory Db(kQ) whih ommutes
with [1] and τ . Thus, it indues an ation by auto-equivalenes on CQ. This ation
is given on the shifts of projetive modules by
gPi[1] ≃ Pgi[1].
We now prove that the ation of G on the objets of the luster ategory om-
mutes with the Caldero-Chapoton map.
Lemma 3.2. Let Q be an ayli quiver equipped with a group G of admissible
automorphisms. Then for every objet M in CQ and any g ∈ G, we have
XgM = gXM
Equivalently, the following diagram ommutes for every g ∈ G:
Ob(CQ)
X? //
g

Z[u±1]
g

Ob(CQ)
X? // Z[u±1]
Proof. If M deomposes into M =
⊕
iMi, we have
XgM = Xg(
L
i
Mi) = X
L
i gMi
=
∏
i
XgMi .
The ation of G on Z[u±1] being a morphism of Z-algebras, it sues to onsider
the ase where M is indeomposable.
As XgPi[1] = gui = ugi = XPgi[1], it sues to prove the result for indeompos-
able kQ-modules. For every modules M,N and every dimension vetor e ∈ NQ0 ,
we have
〈gM, gN〉 = 〈M,N〉
and an isomorphism of varieties Gr
e
(M) ≃ Grge(gM).
Let m = dimM . The Z-linearity of the G-ation on Z[u±1] gives
gXM =
∑
e
χ(Gre(M))
∏
i
u
−〈m,αi〉−〈αi,m−e〉
gi
=
∑
e
χ(Gre(M))
∏
i
u
−〈m,αg−1i〉−〈αg−1i,m−e〉
i
and
XgM =
∑
e
χ(Gre(gM))
∏
i
u
−〈gm,αi〉−〈αi,gm−e〉
i
=
∑
e
χ(Grg−1e(M))
∏
i
u
−〈m,αg−1i〉−〈αg−1i,m−g
−1
e〉
i
=
∑
e
χ(Gr
e
(M))
∏
i
u
−〈m,αg−1i〉−〈αg−1i,m−e〉
i
= gXM

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3.1.3. G-invariant objets in a luster ategory. If (Q,G) is a stable admissible pair,
we saw that the seeds in A(Q/G) orrespond to some G-invariants seeds in A(Q).
The seeds in A(Q) orresponding to rigid objets in CQ, it is natural to try to nd
an interpretation of G-invariant seeds in terms of G-invariant rigid objets in the
luster ategory CQ.
Denition 3.3. An objet M in CQ is alled G-invariant if for every g ∈ G, we
have gM ≃ M in CQ. It will be alled G-indeomposable if it does not have a
non-trivial deomposition M = U ⊕ V with U, V G-invariant objets.
Lemma 3.4. Let Q be an ayli quiver equipped with a group G of admissible
automorphisms. Let m, n be two indeomposable objets in CQ. Then, m and n are
in the same G-orbit if and only if
⊕
U∈Gm U =
⊕
V ∈Gn V .
Proof. If m is indeomposable, then gm is indeomposable for every g ∈ G. Thus,
the summands appearing in both sums are indeomposable. If we assume that
the two sums are isomorphi, as CQ is a Krull-Shmidt ategory, n appears as
an indeomposable summand of both sums and thus n ∈ Gm. The onverse is
lear. 
Proposition 3.5. Let M be a G-indeomposable objet in CQ. Then, there ex-
ists a unique G-orbit in CQ ontaining an objet m suh that M =
⊕
U∈Gm U .
Conversely, for every indeomposable objet m, the diret sum
⊕
U∈Gm U is G-
indeomposable.
Proof. Let m be an indeomposable objet in CQ, we setM =
⊕
U∈Gm U . ThenM
is G-invariant. If M = N ⊕ P with N a G-indeomposable objet and P 6= 0, we
deompose N =
⊕
iNi into indeomposable objets in CQ. The uniqueness of the
deomposition of M into indeomposable objets implies that eah Ni is in Gm. If
N is G-invariant, then N has all the gNi as diret summands where g runs over G
and thus N ≃M .
Conversely, ifM is G-indeomposable, we deomposeM =
⊕
iMi into indeom-
posable objets of CQ. Eah Ei =
⊕
U∈GMi
U is thus G-indeomposable. If I is a
set of indies suh that (Mi)i∈I is a set of representatives of G-orbits of the Mi,
then M =
⊕
i∈I Ei is a deomposition into G-indeomposable objets. Thus, by
hypothesis, I is redues to one point and all the Mi are in the same orbit. Finally,
M =
⊕
U∈GM1
U whereM1 is an indeomposable objet in CQ. Lemma 3.4 ensures
the uniqueness of this deomposition. 
Corollary 3.6. Every G-invariant objet M in CQ an be written uniquely (up to
reordering and isomorphism) as a diret sum of G-indeomposable objets.
Thus, we an prove a G-invariant analogue to theorem 1.2.
Corollary 3.7. Let Q be an ayli quiver equipped with a group G of admissible
automorphisms. Then, X? indues a 1-1 orrespondene from the set of G-invariant
luster-tilting objets to the set of G-invariant lusters in A(Q).
Proof. Let x = (x1, . . . , xq) be a luster in A(Q). Aording to theorem 1.2, for
every i = 1, . . . , q, there exists an unique rigid objet Ti in CQ suh that xi = XTi .
Moreover, it follows from lemma 3.2 that
x = gx =
{
XgT1 , . . . , XgTq
}
.
The Ti being uniquely determined, it follows that
g
q⊕
i=1
Ti =
q⊕
i=1
Tgi =
q⊕
i=1
Ti
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and thus T =
⊕q
i=1 Ti is a G-invariant luster-tilting objet in CQ.
Conversely, if T =
⊕q
i=1 Ti is a G-invariant luster-tilting objet, then gT =⊕q
i=1 gTi = T . It thus follows from lemma 3.2 that
{
XT1 , . . . , XTq
}
is a G-invariant
luster. 
3.2. A denominators theorem. We now give a ategorial interpretation for the
denominators of luster variables in the luster algebra A(Q/G). If Q is an ayli
quiver with a group G of admissible automorphisms, we dene the projetion on
the Grothendiek group pi : K0(kQ)−→Z
Q0
by setting
pi ((di)i∈Q0) = (
∑
j∈i
dj)
i∈Q0
.
Theorem 3.8. Let Q be an ayli quiver equipped with a group G of admissible
automorphisms. Let m be an objet in CQ. Then,
δ(pi(Xm)) = pi(dimm).
Equivalently, the following diagram ommutes:
Ob(CQ)
X?//
pi◦dim
''NN
NNN
NNN
NNN
N Z[u
±1
i : i ∈ Q0]
δ◦pi

ZQ0
Before proving the theorem, we prove the following tehnial lemma:
Lemma 3.9. Let M be a G-invariant kQ-module. Then,
(1) for every l ∈ Q0 and any submodule N ⊂M ,
(dimM)l ≤< N,Sl > + < Sl,M/N >;
(2) for every l ∈ Q0, there exists a submodule N ⊂M suh that for every k ∈ l,
we have
(dimM)k =< N,Sk > + < Sk,M/N > .
Proof. The rst point is proved in [7℄. For the seond point, we write d = dimM ,
e = dimN where N is a submodule ofM . Let nk = − < N,Sk > − < Sk,M/N >.
For every k ∈ G.l, we have
nk = −dk +
∑
i−→ k
ei +
∑
k−→ j
(dj − ej).
Let N be the submodule of M generated by the sum of the Mj suh that there
exists k ∈ G.l with k−→ j in Q1. It sues to prove that for any k ∈ G.l, we have
nk = −dk. For this, it is enough to prove that both sums are zero.
Fix k ∈ G.l. Assume that the rst sum is non-zero. Then, there exists some i
suh that i−→ k in Q1 and ei 6= 0. If ei 6= 0, then by denition of N , there exists
j ∈ l and a path in Q from j to i and thus j−→ · · ·−→ i−→ k in Q. As j and k
are in the same G-orbit and that eah element in G has a nite order, it follows
that there exists a yle in Q, whih is a ontradition. The seond sum is zero by
onstrution. 
We now prove theorem 3.8:
Proof. (of theorem 3.8) We rst notie that for any objets m,n in CQ, we have
δ(pi(Xm⊕n)) = δ(pi(Xm)pi(Xn))
= δ(pi(Xm)) + δ(pi(Xn))
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we an thus assume that m is indeomposable. If m = Pi[1] for some i ∈ Q0, the
result holds. It is thus enough to onsider the ase where m is a kQ-module.
Let M =
⊕
U∈Gm U , we have
XM =
∏
U∈Gm
XU
Aording to lemma 3.2, Xgm = gXm for every g ∈ G and thus
pi(XM ) = pi(Xm)
|Gm|
and δ(pi(XM )) = |Gm|δ(pi(Xm)).
The variable XM is a sum of monomials
∏
xnkk where nk = − < N,Sk > − <
Sk,M/N > for a ertain submodule N of M . Fix i ∈ Q0, lemma 3.9 proves
that there exists a term in the expansion of XM suh that the exponent of uj in
the denominator of this monomial is maximal and equal to dimM(j) for every
j ∈ i. Thus, under projetion, the exponent of v
i
in pi(XM ) = pi(Xm)
|Gm|
is∑
j∈i dimM(j).
Thus,
δ(pi(XM )) =

∑
j∈i
dimM(j)


i∈Q0
= pi(dimM)
= pi
(
dim
⊕
U∈Gm
U
)
= pi
( ∑
U∈Gm
dimU
)
=
∑
U∈Gm
pi (dimU)
= |Gm|pi(dimm)
It follows that δ(pi(Xm)) = pi(dimm), whih proves the theorem. 
3.3. The nite type ase. We now get interested in the ase where Q is a Dynkin
quiver. We prove in partiular that if Q is a Dynkin quiver equipped with a group
G of automorphisms, then A(Q/G) = pi(A(Q)). Moreover, we prove that the
denominator vetor indues a 1-1 orrespondene from the set of luster variables
in A(Q/G) to the set of almost positive roots of Q/G.
Let Q be a Dynkin quiver and G is a group of automorphisms of G. Sine Q is
ayli, G is neessarily admissible and moreover it follows from proposition 2.22
that (Q,G) is a stable admissible pair. We reall in gures 3, 4, 5, 6 below all the
non-trivial quotients Q/G when Q is Dynkin (see also [27℄).
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Figure 6. Quotient from D4 to G2
The following lemma an be obtained by diret omputation:
Lemma 3.10. Let Q be a quiver of Dynkin type equipped with a group G of auto-
morphisms and let Q/G be the quotient graph. Then,
pi(Φ≥−1(Q)) = Φ≥−1(Q/G).
Remark 3.11. Aording to Hubery's works (see [21℄), we an prove that Φre≥−1(Q/G) ⊂
pi(Φre≥−1(Q)) for any ayli quiver Q. Methods used in this ontext are similar to
those we used above. Namely, instead of onsidering orbit mutations, the author
onsiders orbit reetions in the Weyl group. More preisely, if {αi : i ∈ Q0} =
Π(Q) is the set of simple roots of Q, for every G-orbit i, we set βi = pi(αi) =∑
j∈i αj . We denote by si the reetions in the Weyl group of Q and si the ree-
tions in the Weyl group of Q/G. As G is admissible Q, reetions taken in verties
in a same G-orbit ommute and we dene the orbit reetion r
i
=
∏
j∈i sj. It thus
follows from [21℄ that pi◦ri = σi◦pi for every G-orbit i. Thus, by indution from the
simple roots, we prove that the real roots of Q/G an be obtained as projetions
of ertain real roots of Q.
In order to prove that for a nite type quiver Q, we have equality between
pi(A(Q)) and A(Q/G), we will need the following lemma:
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Lemma 3.12. Let Q be a Dynkin quiver equipped with a group G of automorphisms.
Let γ, β ∈ Φ(Q) be roots suh that pi(γ) = pi(β). Then there exists g ∈ G suh that
γ = g.β.
Proof. Let Π(Q) = {αi, i ∈ Q0} be the set of simple roots of Q and Π(Q/G) =
{α
i
, i ∈ Q0} be the set of simple roots of Q/G. Let γ, β be roots in Φ(Q). We
write γ =
∑
i∈Q0
γiαi and β =
∑
i∈Q0
βiαi. By hypothesis, for every i ∈ Q0, we
have
∑
k∈i βk =
∑
k∈i γk. If γ is a simple root, then β is also a simple root and
there exists g ∈ G suh that γ = g.β. Otherwise, aording to lemma 3.10 pi(β)
is an element in Φ(Q/G). With notations of remark 3.11, there exists a sequene
of verties i1, . . . , in in Q0 suh that σin ◦ · · · ◦ σi1(pi(β)) is a simple root in Q/G.
Then, it follows from remark 3.11 that
pi(r
in
◦ · · · ◦ r
i1
(β)) = σ
in
◦ · · · ◦ σ
i1
(pi(β))
= σ
in
◦ · · · ◦ σ
i1
(pi(γ))
= pi(r
in
◦ · · · ◦ r
i1
(γ)).
Then, it follows from the disussion in the simple ase that there exists some g ∈ G
suh that
g.r
in
◦ · · · ◦ r
i1
(β) = r
in
◦ · · · ◦ r
i1
(γ).
But it follows from [20℄ that the ation of g ommutes with the r
i
and thus
r
in
◦ · · · ◦ r
i1
(g.β) = r
in
◦ · · · ◦ r
i1
(γ)
and γ = g.β. 
Theorem 3.13. Let Q be a Dynkin quiver equipped with a group G of automor-
phisms and let Q/G be the quotient graph. Then
pi(Cl(Q)) = Cl(Q/G).
In partiular,
pi(A(Q)) = A(Q/G).
Proof. Sine Q is Dynkin, (Q,G) is a stable admissible pair and thus it follows from
orollary 2.25 that we have an inlusion ι : Cl(Q/G)−→pi(Cl(Q)). Sine we know
(see for example [31℄) that denominator vetors indue 1-1 orrespondenes
δ1 : Cl(Q/G)
∼
−→ Φ≥−1(Q/G),
δ3 : Cl(Q)
∼
−→ Φ≥−1(Q).
We have a ommutative diagram
Cl(Q/G)
ι //
δ1 ∼

pi(Cl(Q))
δ2

Cl(Q)oo
δ3 ∼

Φ≥−1(Q/G) pi(Φ≥−1(Q)) Φ≥−1(Q)oo
where the square on the left hand side learly ommutes and the square on the
right hand side ommutes aording to theorem 3.8. Sine, δ2 ◦ ι = δ1 is a 1-1
orrespondene, δ2 is surjetive. Let's now prove that δ2 is injetive. Fix x, y ∈
Cl(Q) suh that δ2(pi(x)) = δ2(pi(y)). It follows from 3.8 that pi(δ3(x)) = pi(δ3(y)).
Aording to lemma 3.12, there exists g ∈ G suh that δ3(y) = g.δ3(x). As δ3(y)
is an element in Φ≥−1(Q), there exists an unique element Cl(Q) with denominator
vetor δ3(y) and thus aording to lemma 3.2, this element is g.x. Thus, y = g.x and
pi(y) = pi(x). It follows that δ2 : pi(Cl(Q))−→pi(Φ≥−1(Q)) is a 1-1 orrespondene
and thus ι also. Thus, we have pi(Cl(Q)) = Cl(Q/G), whih proves the theorem. 
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3.4. The ane ase. We proved that pi(Cl(Q)) = Cl(Q/G) if Q is a Dynkin quiver
equipped with a group G of automorphisms. We now prove that if Q is of innite
representation type, then the inlusion Cl(Q/G) ⊂ pi(Cl(Q)) an be proper.
Consider the quiver Q of ane type D˜4
3

J
>
2
t
 

2 // 1 4oo
5
OO
t
 

J
>
2
equipped with the admissible group of automorphisms 〈g〉 where g is the 4-yle
g = (2345) ∈ S5. It follows from lemma 2.21 that (Q,G) is a stable admissible
pair.
The quotient graph Q/G is the valued graph of type A
(2)
2 given by
1 2
(4,1)oo
Q and Q/G are both of ane types. The minimal positive imaginary roots are
respetively δQ = (21111) and δQ/G = (1, 2).
For every i 6= j in {2, 3, 4, 5}, we set Mij to be the unique (up to isomorphism)
indeomposable representation of dimension vetor α1 + αi + αj . Then the Mij
are quasi-simple modules in exeptional tubes and τMij = Mrs where {r, s} =
{2, 3, 4, 5} \ {i, j}. In partiular, we have Ext1(Mij ,Mrs) 6= 0.
For every i 6= j ∈ {2, 3, 4, 5}, dimMij is a real Shur root and thus Ext
1
kQ(Mij ,Mij) =
0. Theorem 1.2 implies that XMij is a luster variable in A(Q).
We now onsider the representation
0

M45 = 0 // k k1
oo
k
1
OO
If pi(XM45 ) is a luster variable in A(Q/G), then aording to orollary 2.25, there
exists a luster x = {x1, . . . , x5} obtained after a sequene of orbit mutations suh
that pi(XM45 ) = pi(xi0 ) for some i0 ∈ {1, . . . , 5}. Aording to theorem 1.2, there
exists an indeomposable rigid objet N suh that xi0 = XN . But aording to
theorem 3.8, pi(dimN) = pi(dimM45) = (1, 2), so N is neessarily one of the Mij .
Aording to lemma 2.15, we know moreover that x is a G-invariant luster and
thus it follows from orollary 3.7 that Mij is a diret summand of a G-invariant
luster-tilting objet in CQ. But Ext
1
kQ(g
2Mij ,Mij) 6= 0, hene a ontradition.
Thus, pi(XM45 ) ∈ pi(Cl(Q)) \ Cl(Q/G) and
Cl(Q/G) ( pi(Cl(Q)).
4. Mutation-finite diagrams
A skew-symmetrizable matrix A is alled mutation-nite if Mut(A) is nite.
The problem of lassifying all mutation-nite matries is still open and has been
subjet to various developments [14, 17, 15, 1, 29, 4, 13℄. In the skew-symmetri
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ase, the problem was solved by Felikson, Shapiro and Tumarkin in [14℄ using a list
proposed by Fomin, Shapiro, Thurston, Derksen and Owen [15, 13℄. In the skew-
symmetrizable ase, the main result is due to Seven. It states that an ayli valued
graph is mutation-nite if and only if it is an ane valued graph, generalizing a
theorem of Buan and Reiten [4℄ for the symmetri ase. In this setion, realizing
ane valued graphs as quotients of ane quivers, we prove independently of Seven's
result that ertain ane diagrams are mutation-nite.
In this setion, the key result will be theorem of Buan and Reiten:
Theorem 4.1 ([4℄). Let Q be an ayli quiver with at least three verties. Then
Q is mutation-nite if and only if Q is of Dynkin or ane type.
We reall that an non-simply laed ane graph is an orientation of on of the
diagrams listed in gure 7.
A˜
(2)
1 : •
(1,4)
•
B˜n(n ≥ 2) : •
(1,2)
• • ___ • •
(2,1)
•
C˜n(n ≥ 2) : •
(2,1)
• • ___ • •
(1,2)
•
B˜Cn(n ≥ 2) : •
(2,1)
• • ___ • •
(1,2)
•
•
<<
<<
<<
<<
B˜Dn(n ≥ 2) : • • ___ • •
(2,1)
•
•

•
<<
<<
<<
<<
C˜Dn(n ≥ 2) : • • ___ • •
(1,2)
•
•

F˜
(1)
4 : • • •
(1,2)
• •
F˜
(2)
4 : • • •
(2,1)
• •
G˜
(1)
2 : • •
(1,3)
•
G˜
(2)
2 : • •
(3,1)
•
Figure 7. non-simply laed diagrams
Lusztig proved that any ane non-simply-laed diagram an be realized as a
quotient of a simply-laed ane by a group of automorphisms. More preisely,
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Lemma 4.2 ([27℄). Let ∆ be a non-simply-laed valued graph. Then there exists
an ane quiver Q equipped with a group G of automorphisms suh that ∆ = Q/G.
The list of possible quotients in the Dynkin ase is well-known. In the ase of
ane types, we reall the possible quotients in gures 8-17.
The ane graph
A˜
(2)
1 : •
(1,4)
•
is obtained as a quotient of
a1 b a ` _ ^ ] \ a2"
!
 




D˜4 : z
>>
>>
>>
>>
  
  
  
  
        
>>>>>>>>
a4
"
!
 
 


a3ba`_^]\
by the admissible automorphism group G = S{a1,a2,a3,a4}.
Figure 8. Realizing A˜
(2)
1
The ane graph
B˜n(n ≥ 2) : •
(1,2)
• • • •
(2,1)
•
is obtained as a quotient of
a1!
!
 




an−1!
!
 




III
III
III
I
A˜n : a0 = b0
wwwwwwwww
FF
FF
FF
FF
F an = bn
b1 bn−1
uuuuuuuuu
by the admissible automorphism group G =
〈∏n−1
i=1 (ai, bi)
〉
.
Figure 9. Realizing B˜n
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The ane graph
C˜n(n ≥ 2) : 0
(2,1)
1 2 n− 2 n− 1
(1,2)
n
is obtained as a quotient of
a1



 
!
!
==
==
==
==
b1!
!
 




D˜n+2 : • • • •

==
==
==
==
a2

b2
by the admissible automorphism group of automorphisms G = Sa1,a2 ×Sb1,b2 .
Figure 10. Realizing C˜n
The ane graph
B˜Cn(n ≥ 2) : •
(1,2)
• • • •
(1,2)
•
is obtained as a quotient of
z1&
%
$
#
"
!
 








$
#
#
"
!
 
 








b2!
 
 
 
 










bn!
 
 
 
 










}}}}}}}
AA
AA
AA
A
z2+
'
#




'
%
$
#
"
!
 








D˜2n+2 : a

<<
<<
<<
<<
<<
<<
<<
<<
<<
z3
c2 cn
||||||||
BB
BB
BB
BB
z4
by the admissible automorphism group
G = 〈σ(z1, z3)(z2, z4), σ(z1, z4)(z2, z3)〉
where σ =
∏n
i=2(bi, ci).
Figure 11. Realizing B˜Cn
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The ane graph
•
<<
<<
<<
<<
B˜Dn(n ≥ 2) : • • • •
(2,1)
•
•

is obtained as a quotient of
z1&
%
$
#
"
!
 








b2!
 
 
 
 










bn!
 
 
 
 










}}}}}}}
AA
AA
AA
A
z2'
%
$
#
"
!
 








D˜2n+2 : a

<<
<<
<<
<<
<<
<<
<<
<<
<<
z3
c2 cn
||||||||
BB
BB
BB
BB
z4
by the group
G = 〈σ(z1, z3)(z2, z4)〉
of admissible automorphisms where σ =
∏n
i=2(bi, ci).
Figure 12. Realizing B˜Dn
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The ane graph
•
==
==
==
==
C˜Dn : • • • •
(1,2)
•
•

is obtained as a quotient of
a1
==
==
==
==
b1!
!
 




D˜n+1 : • • • •

==
==
==
==
a2

b2
by the admissible automorphism group G = 〈(b1, b2)〉.
Figure 13. Realizing C˜Dn
The ane graph
F˜
(1)
4 : • • •
(1,2)
• •
is obtained as a quotient of
c2 D
C
B
@
?
>
=
c1 D
?
;
E˜6 : a2 a1 z b1 b2
by the admissible automorphism group G = 〈(c1, b1)(c2, b2)〉.
Figure 14. Realizing F˜
(1)
4
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The ane graph
F˜
(2)
4 : • • •
(2,1)
• •
is obtained as a quotient of
a1"
!
 




a2"
!
 




a3"
!
 




E˜7 : b z
        
>>
>>
>>
>>
c1 c2 c3
by the admissible automorphism group G =
〈∏3
i=1(ai, ci)
〉
.
Figure 15. Realizing F˜
(2)
4
The ane graph
G˜
(1)
2 : • •
(1,3)
•
is obtained as a quotient of
a1 a2"
!
 




D˜4 : z
>>
>>
>>
>>
  
  
  
  
        
>>>>>>>>
a4 a3ba`_^]\
by the admissible automorphism group G = S{a1,a2,a3}.
Figure 16. Realizing G˜
(1)
2
The ane graph
G˜
(2)
2 : • •
(3,1)
•
is obtained as a quotient of
c2 D
C
B
@
?
>
=
z
{
|
}
~

 
c1 D
?
;
z
~

E˜6 : a2 a1 z b1 b2
by the admissible automorphism group G = 〈(a1, b1, c1), (a2, b2, c2)〉.
Figure 17. Realizing G˜
(2)
2
A orollary of theorem 2.24 in the ontext of mutation-nite graphs is:
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Lemma 4.3. Let (∆, G) be a stable admissible pair suh that ∆ is mutation-nite.
Then, ∆/G is mutation-nite.
Proof. It follows from theorem 2.24 that the map B−→B/G indues a surjetive
map
MutG(∆)−→Mut(∆/G).
Sine MutG(∆) ⊂Mut(∆), it follows that
|Mut(∆/G)| ≤ |MutG(∆)| ≤ |Mut(∆)| <∞.

Remark 4.4. Note that the onverse of lemma 4.3 is false. Indeed, if b, c ≥ 3 are
integers, then ∆b,c is mutation-nite whereas Kb,c is not.
As an example of appliation, we an use this result in order to prove that valued
ane graphs are mutation-nite. This gives an independent proof to a result of
Seven [29℄.
Proposition 4.5. A valued graph of Dynkin or ane type is mutation-nite.
Proof. Let Γ be a valued graph of nite (resp. ane) type. Then Γ an be written
Q/G where Q is a quiver of nite (resp. ane) type and G is an admissible auto-
morphism of Q. In partiular, sine Q is ayli, it follows from proposition 2.23
that (Q,G) is an admissible pair. Aording to theorem 4.1 Q is mutation-nite
and thus, it follows from lemma 4.2 that Γ = Q/G is also mutation-nite. 
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